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Abstract
The dynamics of tripartite entanglement of fermionic system in non-
inertial frames through linear contraction criterion when one or two ob-
servers are accelerated is investigated. In one observer accelerated case
the entanglement measurement is not invariant with respect to the par-
tial realignment of different subsystems and for two observers accelerated
case it is invariant. It is shown that the acceleration of the frame does not
generate entanglement in any bipartite subsystems. Unlike the bipartite
states, the genuine tripartite entanglement does not completely vanish in
both one observer accelerated and two observers accelerated cases even in
the limit of infinite acceleration. The degradation of tripartite entangle-
ment is fast when two observers are accelerated than when one observer is
accelerated. It is shown that tripartite entanglement is a better resource
for quantum information processing than the bipartite entanglement in
noninertial frames .
PACS: 03.65.Ud; 03.67.Mn;04.70.Dy
Keywords: Tripartite entanglement; Noninertial frames.
1 Introduction
Entanglement is not only one of the most striking properties of quantum me-
chanics but also the essential tool for the practical realization of quantum in-
formation and quantum computation [1]. The concepts of all the subfields
of quantum information theory, such as teleportation of unknown states [2],
quantum key distribution [3], quantum cryptography [4] and quantum compu-
tation [5, 6], are based on prior quantum entanglement between subsystems
of a composite system. The dynamics of entanglement in inertial frames of
various bipartite qubit and qutrit states have been extensively studied under
∗sksafi@comsats.edu.pk
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different conditions via different existing entanglement quantifiers. Since mul-
tipartite states are as useful for quantum information processing as bipartite
states [7, 8], therefore, it is important to thoroughly investigate the dynamics
of entanglement of multipartite states. Unlike bipartite systems, though many
criteria for quantifying entanglement in pure and mixed tripartite systems are
proposed [9, 10, 11, 12, 13], however, there is no single well defined criterion
for quantifying the entanglement of multipartite systems and systems of higher
dimensions to provide the necessary and sufficient condition.
The investigations of entanglement dynamics in inertial frames show that
the total entanglement between various uniformly moving parties is conserved,
however, it may transfers from one set of degrees of freedom to others [14].
For a complete understanding of the behavior of entanglement between various
parties, it is necessary to investigate its dynamics in the relativistic setup as
well. Because the relativistic framework provides a more complete picture and
is important both from theoretical and experimental perspective. Recently, the
study of entanglement of various fields in the accelerated frames has taken into
account and valuable results about the behavior of entanglement have been
obtained [15, 16, 17, 18, 19, 20, 21, 22]. The effects of noise on dynamics
of entanglement under different quantum channels in noninertial frames have
also been studied [23, 24, 25, 26]. It is shown that for most channels the loss
of entanglement is quicker and entanglement sudden death may occur. On
the other hand, the sudden rebirth of entanglement is also reported under the
action of some particular channels. However, these studies are limited only to
bipartite qubit systems in the accelerated frames. More recently, the dynamics
of entanglement in fermionic and bosonic tripartite qubit systems in noninertial
frames are studied in Refs. [27, 28, 29] using pi-tangle and logarithmic negativity
as the measurement of entanglement. These studies show that the degree of
entanglement is degraded by the acceleration of the frames and, like the two-
tangles in inertial frames for GHZ state, the two-tangles for GHZ state are zero
when one or two observers are in the accelerated frames. It is also shown that
with increasing acceleration the degradation of entanglement is slower in the
case of tripartite states as compared to bipartite states in noninertial frames.
Unlike bipartite entanglement in noninertial frames, the tripartite entanglement
does not completely vanish even in the limit of infinite acceleration.
In this paper we investigate the effect of acceleration of noninertial frames on
both bipartite and tripartite entanglement of Dirac field using partial realign-
ment criterion (linear contraction) [9] as entanglement quantifier. We consider
the Dirac fields as shown in Refs. [30, 31, 32]. Our system consists of three
observers; Alice, Bob and Charlie. First we consider only one observer (Char-
lie) in the accelerated frame and then we do calculations for two accelerated
observers (Bob and Charlie). We show that in either case the acceleration does
not produce entanglement in any of the bipartite subsystems and the genuine
tripartite entanglement degrades with increasing acceleration. We also show
that acceleration of the frame affects the uniform distribution of the three way
entanglement among the parties.
This paper is organized as follows. In section 2 we explain our system and
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derive the mixed density matrix whose entanglement dynamics are to be stud-
ied. In section 3 we briefly review the various criterion for the measurement of
tripartite entanglement. In particular, we briefly review the three tangle, the
pi-tangle, realignment criterion and linear contraction. In section 4 we present
our results. The last section summarize our results.
2 Tripartite state in accelerated frames
To investigate the effect of acceleration on the dynamics of tripartite entan-
glement, we consider three entangled fermionic modes whose frequencies in an
inertial frame are ωa, ωb, ωc with all other modes of the field in the vacuum
state. The three observers are provided with detectors each sensitive to a single
mode such that Alice (A) records the particles with mode ωa, Bob (B) detector
is sensitive to mode ωb and the detector of Charlie (C) is tuned for the mode ωc.
We will consider that either one observer (Charlie) or two observers (Bob and
Charlie) move with some constant acceleration and the third observer (Alice)
stays stationary. The field equation can be solved in Minkowski coordinates,
which are appropriate for inertial observers and in Rindler coordinates for ac-
celerated observers. To cover Minkowski space, two different sets of Rindler
coordinates that differ from each other by an overall change in sign and de-
fine two causally disconnected Rindler regions (I, II) are necessary (for detail
see [15] and references therein). From the perspective of inertial observer, the
Dirac fields as shown in Refs. [30, 31, 32], describe a superposition of Minkowski
monochromatic modes |0〉M = ⊗i|0ωi〉M and |1〉M = ⊗i|1ωi〉M ∀i with
|0ωi〉M = cos ri|0ωi〉I |0ωi〉II + sin ri|1ωi〉I |1ωi〉II ,
|1ωi〉M = |1ωi〉I |0ωi〉II , (1)
where ri (0 ≤ ri ≤ pi/4) is a dimensionless acceleration parameter of the acceler-
ated observer and is given by cos ri =
(
e−2piωic/a + 1
)−1/2
. The parameters ωi,
c and a, in the exponential stand, respectively, for the frequency of ith mode,
speed of light in vacuum and acceleration of the accelerated observer. The pa-
rameter ri = 0 for a = 0 and ri = pi/4 for a = ∞. In Eq. (1), the subscripts I
and II of the kets represent the modes decomposition in the two causally dis-
connected regions in Rindler spacetime. That is, each Minkowski mode ωi has
a Rindler mode expansion given by Eq. (1). In other words, the acceleration
causes the information initially formed in region I to leak into region II. Since
a uniformly accelerated observer in region I has no access to field modes in the
causally disconnected region II and vice versa. Therefore, the observer must
trace over the modes in inaccessible region, losing information about the state,
which essentially results in the detection of a thermal state. This effect is called
the Unruh effect [33, 34].
We consider the following maximally entangled GHZ state
|ψ〉ABC = 1√
2
(|0ωa0ωb0ωc〉A,B,C + |1ωa1ωb1ωc〉A,B,C) , (2)
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where | · ··〉A,B,C = |·〉A|·〉B |·〉C and the three capital alphabets in the sub-
scripts of the kets represent the three observers. In Eq. (2) |0ωa(b,c)〉A(B,C)
and |1ωa(b,c)〉A(B,C), respectively, represent the Minkowski vacuum state and
Minkowski excited state. In fact, a given Minkowski mode of a particular fre-
quency spreads over all positive Rindler frequencies (ωi/(a/c)) that peaks about
the Minkowski frequency [31, 32, 35, 36]. However, to simplify our problem we
consider a single mode only in the Rindler region I, an approximation which is
valid provided the detectors with the observers are highly monochromatic that
are sensitive only to their respective modes of the chosen angular frequencies. If
Alice stays stationary and the other two observers move with some constant ac-
celerations, then substituting the Rindler modes from Eq. (1) for the Minkowski
modes in Eq. (2) for the two accelerated observers gives
|ψ〉ABC = 1√
2
(cos rb cos rc|00000〉A,BI,BII,CI,CII
+ cos rb sin rc|00011〉A,BI,BII,CI,CII
+ sin rb cos rc|01100〉A,BI,BII,CI,CII
+ sin rb sin rc|01111〉A,BI,BII,CI,CII
+ |11010〉A,BI,BII,CI,CII). (3)
where rb and rc are the accelerations of Bob and Charlie, respectively. In order
to be handy and present the relation in simple form, we dropped the frequencies
in the subscript of each entry of the kets. Since the Rindler modes in region
II are inaccessible, tracing out over those modes, that is, over third and fifth
qubits, leave the following initial mixed density matrix
ρABC =
1
2
[cos2 rb cos
2 rc|000〉〈000|+ cos2 rb sin2 rc|001〉〈001|
+ sin2 rb cos
2 rc|010〉〈010|+ sin2 rb sin2 rc|011〉〈011|
+ cos rb cos rc(|000〉〈111|+ |111〉〈000|) + |111〉〈111|]. (4)
Note that we have also dropped the subscript I that indicates the Rindler modes
in region I. In the rest of the paper, all calculations correspond to the Rindler
modes in region I.
3 Entanglement measurement of tripartite states
In literature, various criterion for measuring the entanglement of tripartite states
are suggested. The most popular among them are the residual three tangle [37]
and pi-tangle [38, 39]. Other measurements for tripartite entanglement include
realignment criterion [10, 11] and linear contraction [9]. The realignment and
linear contraction criteria are comparatively easy in calculation and are strong
criteria for entanglement measurement that detects entanglement of states for
which other criteria fail. However it does not detect the entanglement of all
states. In the following we briefly review some of these criteria.
4
The three tangle, which is polynomial invariant [40, 41], is a good measure
for tripartite entanglement of mixed density matrices. However, it needs an
optimal decomposition of a mixed density matrix which, in general, is a tough
enough task except in a few rare cases [42]. On the other hand, the pi-tangle for
a tripartite state |ψ〉ABC is given by
piABC =
1
3
(piA + piB + piC), (5)
where piA is the residual entanglement and is given by
piA = N 2A(BC) −N 2AB −N 2AC . (6)
The other residual tangles (piB, piC) are defined in a similar way. In Eq. (6),
NAB(NAC) is a two-tangle and is given as the negativity of mixed density matrix
ρAB = TrC |ψ〉ABC〈ψ| (ρAC = TrB|ψ〉ABC〈ψ|). TheNA(BC) is a one-tangle and
is defined as NA(BC) =
∥∥∥ρTAABC
∥∥∥− 1, where ‖O‖ = tr
√
OO† stands for the trace
norm of an operator O and ρTAABC is the partial transposition of the density
matrix over qubit A.
For a bipartite density matrix ρij,mn, the realignment criterion [10, 11] is
given by
(
ρR
)
im,jn
= ρij,mn. A bipartite state is separable under realignment
criterion if
∥∥ρR∥∥ ≤ 1 and it is entangled if the quantity Q = ∥∥ρR∥∥ − 1 is pos-
itive. The quantity Q gives a rough estimation of the degree of entanglement
of the system. For the detection of entanglement in tripartite states, the par-
tial realignment (linear contraction) [9] is made over any two subsystems while
leaving the third one unchanged. That is, for a tripartite state σijk,mnp, the
realignment map over the second and third subsystems, while leaving the first
subsystem untouched, is given by
(
σR
)
ijn,mkp
= ρijk,mnp. The other possible
partial realignment on subsystems can similarly be defined. Like a bipartite
state, a tripartite state is entangled if the quantity Q =
∥∥σR∥∥ − 1 is positive.
In the following we use the linear contraction criterion to investigate the be-
havior of tripartite entanglement of our system of Eq. (4). We also investigate
that whether the subsystems are separable or have some degree of entanglement
when one or two observers are in accelerated frames.
4 Dynamics of tripartite entanglement in accel-
erated frames
First of all we consider the behavior of entanglement of the bipartite subsystems
by tracing over one subsystem when only Charlie is in the accelerated frame.
The density matrices of the bipartite subsystems ρBC(AC) = trA(B)(ρABC) for
rb = 0 are diagonal and is given by
ρBC(AC) =
1
2
[cos2 rc|00〉〈00|+ sin2 rc|01〉〈01|+ |11〉〈11|]. (7)
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where ρBC(AC) represents either ρBC = trA(ρABC) or ρAC = trB(ρABC). Ap-
plying realignment criterion leads to the following result
ρRBC(AC) =
1
2
[cos2 rc|00〉〈00|+ sin2 rc|11〉〈00|+ |11〉〈11|]. (8)
From this we can find ρR†BC(AC) and then using the definition of trace norm we
can easily calculate the quantity QBC(AC) =
∥∥∥ρRBC(AC)
∥∥∥− 1 which is given by
QBC(AC) =
1
4
(−2 +√3 + cos 4rc). (9)
One can see that Eq. (9) gives 0 for rc = 0, which means that there is no
bipartite entanglement between the subsystems BC(AC), a result of the inertial
frames for GHZ state. Although QBC(AC) depends on the acceleration of the
moving frame, however, QBC(AC) < 0 for all values of rc > 0. Similarly by
tracing over the Charlie qubit, the density matrix ρAB = trC(ρABC) for bipartite
subsystem AB is independent of the Charlie acceleration and is given by ρAB =
1/2(|00〉〈00|+ |11〉〈11|). From this matrix, it is straightforward to verify that
QAB = 0, the same as the result for any bipartite cut in inertial frames. This
means that the bipartite subsystems have no entanglement regardless of the
acceleration of the Charlie frame. The acceleration of the noninertial frame
does not generate bipartite entanglement.
Now we use the partial realignment criterion to investigate the behavior of
genuine tripartite entanglement of the system for the case when only Charlie
is in accelerated frame. Since there are three qubits, the partial realignment
can be made over any two qubits. In the case of inertial frames the quantity Q
is invariant regardless of which two qubits are realigned. To see whether it is
true in the noninertial frames as well, we apply the partial realignment criterion
to all the possible cases. First we investigate the case when Bob’s qubit and
Charlie’s qubit are realigned. Under this partial realignment the density matrix
of Eq. (4) for rb = 0 becomes
ρ
R(BC)
ABC =
1
2
[cos2 rc|000〉〈000|+ sin2 rc|011〉〈000|
+cos rc(|101〉〈001|+ |010〉〈110|) + |111〉〈111|], (10)
where R(BC) in the superscript indicates that the partial realignment is made
over Bob’s qubit and Charlie’s qubit. The quantity QBC =
∥∥∥ρR(BC)ABC
∥∥∥ − 1 can
easily be calculated, as done in the previous cases, and is given by
QBC =
1
4
(−2 + 4 cos rc +
√
3 + cos 4rc). (11)
Note that we use BC in the superscript of Q in order to differentiate it from
the one used above for bipartite case. Similarly, when the partial realign-
ment is made over Alice’s qubit and Charlie’s qubit, the quantity QAC = QBC
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(QAC(BC)), which shows that the behavior of entanglement remains unchanged
against the acceleration with respect to the partial realignment of these two
bipartite subsystems. However, the result is different when the realignment is
made over the two inertial observers’ qubits, that is, on Alice’s qubit and Bob’s
qubit. In this case the quantity QAB = cos rc. This means that the entangle-
ment quantifier Q in the noninertial frame is dependent on which two qubits are
to be partially realigned. It can be seen that QAC(BC) = QAB = 1 for rc = 0,
which is true for the case of inertial frames.
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.0
0.2
0.4
0.6
0.8
1.0
pi
Q AC
= Q BC
r
c
Q AB
Figure 1: (color online) The quantities QAC(AB), QAB and the pi-tangle are
plotted against the acceleration parameter rc for the case when one observer is
in the accelerated frame.
To see the effect of acceleration on the genuine tripartite entanglement more
deeply, we plot the quantities QAC(BC) and QAB against the acceleration pa-
rameter rc in Fig. (1). It is shown that both Q
AC(BC) and QAB decrease
monotonically from its maximum value 1 at zero acceleration to some minimum
positive values at infinite acceleration. The decrease in QAC(BC) is faster than
in QAB. We think that the slower decrease in QAB against rc is due to the part
of three way entanglement shared between inertial observers which is unaffected
directly by the acceleration of Charlie frame. Unlike the bipartite entanglement
in noninertial frames which goes to zero in the limit of infinite acceleration, the
positive values of QAC(BC) and QAB show that the tripartite state is entangled
even at infinite acceleration. For comparison of our results with the results of
7
Ref. [28], we have also plotted the pi-tangle of one observer accelerated case
in Fig. (1). It shows that like for many bipartite and tripartite states in in-
ertial frames, for tripartite GHZ state the quantity Q ≥ pi (pi-tangle) in the
noninertial frames.
Next we consider the case in which two observers, Bob and Charlie, are
in accelerated frames. We consider the simplest case in which rb = rc = r,
the realigned matrix for the bipartite subsystem BC from Eq. (4) in this case
becomes
ρRBC =
1
2
[cos4 r|00〉〈00|+ cos2 r sin2 r(|11〉〈00|+ |00〉〈11|)
+(1 + sin4 r)|11〉〈11|]. (12)
The quantity QBC can easily be found like done previously and is given by
QBC =
1
4
[−4 + cos2 r√3 + cos 4r + 2
√
cos4 r sin4 r + (1 + sin4 r)2]. (13)
Similarly, for the other two subsystem QAB = QAC and is given by
QAB(AC) =
1
4
(−2 +√3 + cos 4r). (14)
Note that for r ≥ 0, QBC , QAB(AC) ≤ 0 which show that no entanglement exists
in the bipartite subsystems.
To find the genuine tripartite entanglement we proceed as before. In this
case, partially realigning the density matrix of Eq. (4) over Bob’s qubit and
Charlie’s qubit, we obtain
ρ
R(BC)
ABC =
1
2
[cos4 r|000〉〈000|+ sin4 r|011〉〈011|
+cos2 r(|101〉〈001|+ |010〉〈110|)
+ sin2 r cos2 r(|011〉〈000|+ |000〉〈011|)
+|111〉〈111|]. (15)
From Eq. (15), the quantity QBC can straightforwardly be found by using the
definition of trace norm. It is given by
QBC =
1
4
(−2 + 4 cos2 r +√3 + cos 4r). (16)
Interestingly enough, unlike the previous case if we partially realign Eq. (4) over
the other two sets of qubits the behavior of tripartite entanglement remains
unchanged. In other words, the quantities QAC and QAB are both equal to
QBC . However, for the case of different acceleration of the two observers, this
may not be true and needs to be checked.
To see the behavior of tripartite entanglement, we plot the quantity QBC
against the acceleration parameter r in Fig. (2). The quantity QBC = 1 for
r = 0. With increasing value of the acceleration, the quantity QBC decreases
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Figure 2: (color online) The quantity QBC and the pi-tangle are plotted against
the acceleration parameter r for the case when two observers are in accelerated
frames.
monotonically and reaches a minimum positive value at infinite acceleration. As
expected, the decrease in QBC in this case is faster than the decrease in QAC(BC)
and QAB of the one observer accelerated case (Fig. (1)). Since the loss of entan-
glement occurs due to the leakage of information into the inaccessible regions
[43, 44] as a result of the Unruh effect. The quicker decrease in entanglement
with the increasing acceleration arises because the information leakage is higher
due to the acceleration of two observers as compare to the case of one accelerated
observer. Again, a comparison of our results for the two observers accelerated
case with the results of Ref. [28] shows that for tripartite GHZ state the quan-
tity Q ≥ pi (pi-tangle) in the noninertial frames as shown in the figure. As the
two measurements, the pi-tangle and the partial realignment criterion, of tripar-
tite entanglement agree that the tripartite entanglement in noninertial frames
does not completely vanish even in the limit of infinite acceleration. Therefore,
it is natural to expect that in noninertial frames the tripartite entanglement
may prove a better resource than the bipartite entanglement for various quan-
tum information tasks. For example, quantum teleportation through tripartite
entanglement might be possible even if some observers falls into the black hole
while others hover outside the event horizon. However, further investigations
through other measurements of entanglement using different possible tripartite
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states may provide a better understanding of the so far explored results.
5 Conclusion
The behavior of tripartite entanglement and bipartite subsystems of fermionic
GHZ state is investigated when one or two observers are in the accelerated
frames. We used the realignment criterion, which is a strong criterion for the
detection of entanglement and easy in calculation, for the investigation of the
dynamics of the entanglement. It is shown that both in one and in two observers
accelerated cases the bipartite subsystems have no entanglement, that is, all the
entanglement of the system is in the form of genuine tripartite entanglement.
The acceleration of observers does not generate bipartite entanglement between
subsystems of the composite system. This means that the entanglement re-
source cannot be utilized by any two observers without the cooperation of the
third one. In one observer accelerated case, the quantity Q that measures the
entanglement depends on which qubits are realigned. As commented above,
we think that this difference in Q is due to the part of tripartite entanglement
that is shared between the inertial observers and is unaffected directly by the
acceleration of the accelerated observer. However, in two observers accelerated
case, this quantity is invariant with respect to the choice of realigned qubits for
the case when the accelerations of the accelerated observers are equal. In ac-
celerated frames it is the Unruh effect that causes the leakage of information to
the causally disconnected regions, as a result the entanglement decreases with
the increasing acceleration. Logically, in the tripartite state of two accelerated
observers the leakage of information to the causally disconnected regions is sup-
posed to be more quick that would lead to a rapid decrease in entanglement,
which was expected to result in entanglement sudden death. But contrary to the
expected result and unlike the bipartite entanglement that asymptotically goes
to zero, the tripartite entanglement does not vanish even in the limit of infinite
acceleration for both one and two observers accelerated cases. This behavior
of tripartite entanglement in noninertial frames need to be further explored by
using different entanglement quantifiers on other tripartite states. On the basis
of the agreement between our results and the results of Ref.[28] one can predict
that tripartite entanglement might be a better resource for quantum informa-
tion processing in noninertial frame.
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